e 
N Sw A Neutrosophic Systems with Applications, Vol. 13, 2024 


323 https://doi.org/10.61356/j.nswa.2024.96 


Some Special Refined Neutrosophic Ideals in Refined 
Neutrosophic Rings: A Proof-of-Concept Study 


Murhaf Riad Alabdullah 1* iD) 


' Faculty of Science, Department of Mathematics, Aleppo University in liberated areas, Syria; 
murthaf.alabdullah@gmail.com. 


* Correspondence: murhaf.alabdullah@gmail.com. 


Abstract: In this research, we created notions of a refined neutrosophic prime (completely prime, 
semiprime, and completely semiprime) ideal in a refined neutrosophic ring. If R(,,/,) is a refined 
neutrosophic ring, then each ideal of R(U,,/,) has the form J+ KI,+Ll, where JG&LE&K are 
ideals of the classical ring R. The objective of this work is to find the necessary and sufficient 
condition on classical ideals J,L,and K that makes J +KI,+Ll, a prime (completely prime, 
semiprime, and completely semiprime) ideal in R(J,,I,). We studied some of the elementary 
properties of these concepts and the most important properties that link them. 
We reached several results, the most important of which are as follows: 
© If J+KI, +L, € RNIgq,,,), then J + Kl, + Ll, € RNSPgU1,1,) @J,K,and L € Sp. 
© J+Ki, +L, € RN@pq,,,), then J, K,L € @p. 
e Assuming that R(J;,/2) is a finite unity commutation, then RNMa(,1,) = RN@r(Q,,1): 
e R(j,Jz) is a refined neutrosophic field = {0},RI, + RL,RI,,RU,,1) are only refined 
neutrosophic ideals in R(Jy, Iz). 
e We call R(J;,/,) a refined neutrosophic prime ring if RI, + RI, € RN@pq,1,) and a fully 
prime ring if RNZpc,1,)\{0} = RNPrUW,15): 


Keywords: Refined Neutrosophic Ring; Refined Neutrosophic Ideal; Completely Semiprime; Fully 
Prime; Fully Semiprime. 


1. Introduction 


Neutrosophy is a broad view of intuitionistic fuzzy logic that represents a new development of 
fuzzy notions. This strategy has a fascinating impact on applied science [1, 2, 3, 4, 5]. Neutrosophy 
can be applied to algebraic structures as a new branch of philosophy, leading to a better 
understanding and evolution of these structures. Kandasamy and Smarandache presented the 
concept of neutrosophic groups, rings, and fields [6], which has been widely investigated [7, 8, 9, 10] 
and is still being studied. Numerous intriguing discoveries about neutrosophic rings have recently 
been discussed [11, 12, 13]. 

Adeleke et al. [14, 15] generalized neutrosophic sets by dividing the degree of indeterminacy I 
into two degrees of indeterminacy], and Iz. This concept has been widely employed in algebra by 
analyzing refined neutrosophic rings [14, 15] and n-refined neutrosophic rings and modules [16, 17, 
18], and many intriguing findings have been established [19]. Abobala [20] characterized the maximal 
and minimal ideals in a refined neutrosophic ring. 

We present a characterization of refined neutrosophic prime (completely prime, semiprime, and 
completely semiprime) ideals by depending on the properties of classical ideals. This study aims to 
describe the structure and properties of prime, completely prime, semiprime, and completely 
semiprime ideals of refined neutrosophic rings. 
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Our motivation is to close an important research gap by determining all prime, completely 
prime, semiprime, and completely semiprime ideals and their properties in refined neutrosophic 
rings. This paper continues the work begun in "On Neutrosophic Prime, Completely Prime, 
Semiprime, and Completely Semiprime Ideals in Neutrosophic Ring." 


2. Definitions and notations 


Since most academics interested in the subject are already familiar with classical rings and their 
ideals, this section will focus on numerous definitions and major results relevant to refined 
neutrosophic rings and their ideals. 

Definition 2.1: [14, 15] Let R be a ring, the collection R(I;, 12) = {a + bI ;a,b,c € Rand I,” = I,,1,? = 
In, yl, = nl, = 1,} is called a refined neutrosophic ring. R(/,,1,) is referred to as a refined 
neutrosophic field when R is a field. 

Properties 2.2: [14, 15] 

(i) Risa unity commutative ring iff R(J,,/,) is a unity commutative refined neutrosophic ring. 

(ii) (,)” = I, and (1,)" = 1, for each n € Zt. 

(ili) al; =1,a andal, =I,a VaeR. 

(iv) 0, =0=0L, h+h+--+h =n andl, +h +--+ = nh. 

n time n time 
Theorem 2.3: [20] If R(,,12) is a refined neutrosophic ring, and J + KI, + Llp © R(,,1,), then J + 
KI, + LI, is aneutrosophic ideal iff J, K,and L are ideals of R, where J CLEC K. 


Theorem 2.4: [20] If R(,,1,) is a refined neutrosophic ring, and J + KI, + LI, is an ideal of RU, 1), 
then J + KI, + LI, is aneutrosophic maximal ideal iff J is a maximal of R, where L = K = Ror] + 
KL, + Ll, = RU, 1,). 


3. Results 


In a refined neutrosophic ring R(J,,/,), we indicate by RNZpgi,;,) is the set of refined 
neutrosophic ideals, RN%x(1,1,) the set of refined neutrosophic prime ideals, RNC #g(1,1,) the set of 
refined neutrosophic completely prime ideals, RNS%g1,;,) the set of refined neutrosophic 
semiprime ideals, RNCS§Rq,,1,) the collection of refined neutrosophic completely semiprime ideals, 
and RNMp(,,;,) the collection of refined neutrosophic maximal ideals. In addition, in classical ring 
R, we indicate by Tp the collection of ideals, fog the collection of prime ideals, Cfz the collection 
of completely prime ideals, Sfp the collection of semiprime ideals, SCfog the collection of 
completely semiprime ideals, and Mp, the collection of maximal ideals. 

Definition 3.1: If J + KI, + Llp € RNZaq,,,); ] EL EK, then 

(i) J + KI, + Ll, isa refined neutrosophic semiprime ideal if the following condition is satisfied: 
Vit Kh tly €RNGac,,)3 ik Slr S Ky Oh + Kh t+ hyh)? SJ + Ki +l, > J,+ 
RA lly Copan ea, 

(ii) J + KI, + LI, is a refined neutrosophic completely semiprime ideal if the following condition 
is satisfied: Va+ bl, + cl, € RU, 12); (at bl t+ch)* €J+KIL+Llh >atbl,+cl,€J+ 
aoe a nem 

(iii) J + KI, + LI, is a refined neutrosophic prime ideal if the following condition is satisfied: 

Wi + Kil, + Lalas Jo + Koh, + Lola © RN&aq,,)3 Ja S ba © Ky and Jy S Ly & Kp; 
CG Ale LEGAL PLS SIRE LG 
So Wik Te teh ASK LE lis oF Joh Roly als PR LG 

(iv) J + KI, + Ll, is a refined neutrosophic completely prime ideal if the following condition is 

satisfied:Va + bl, + cl, and e+ fl, + gl, E RU, 12); (a+b, + chj(e+fl+gh)EJ+KI 
Sabb beh ef +Kip+ily V e+ fi 4 gb ele Ky + ib 
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Theorem 3.2: If J+ Kl, + Ll, € RNTgq,,,) then J+ Kl, + Ll; € RNSPRU,1,) @ J, K,and L € Sep. 
Proof. 

Firstly, VJ + KI, + Ll, € RNS@pU1,1,) - Now, suppose that J,,K,,L,;€ Ip, where J? GJ,K? S 
K,and Lt © L. Subsequently, J? © L © K and Li € K. 

We have Jy + Jil, + Jig € NTg,1,), and we note 


athh+hh)y =I t+ Oi +i +f tut tuDh + Uf +Uf +IDb S J+ Ki + Lh 
Since J + KI, + Llp € RNS@pQ,1,), 80 Ja thi t+Jile SJ + Kh, + Ll, and from which J, & J. 
Therefore, J € Sp. 
On the other hand, {0} + Ly I, + Ly I, € NTpgq,,), and we note ({0} + L, I, + L, 1)? = {0}? + 
({O}. Ly + Ly.{0}+ 12 +12 + 12)1, + ({0}.L, + 1,.{0} + 12), CJ + KIL, +Lh 


Since J + Kl, + Ll; € RNSg0,1,), 80 {0} + Ly +L, SJ+KI, +L, and from which L, CL. 
Therefore, L € SQp. 


And on the other hand, {0} + Ky, + {O}/z € NTgc,7,), and we note 


({0} + Kyl, + {0}1,)? = {0}? + ({0}.K, + K,.{0} + K? + Ky. {0} + (O}. Ky), + ({0}* + {0}? + {0}, 
CP PRE ELG 


Since J + Kl, +L, © RNS@pRU,1,), {0} + Kil, +{O}z SJ + KI, +L, and from which K, CK. 
Therefore, K € SQp. 


Conversely, suppose that J,K,L € Sgp. 

Now, if J, + Kyl, + Lily € NZ pqy1,); Ja S La S Ky, where 

UG, + KL +1,h)% SJ + Ki, + lh >J2+U,K, + KJ, + kK? + KL, 4+ 1,K)h +, +h, +l) 
CJ+KI,+LhL 

Therefore, J? G J and J,K, + Ky, + K2 + K,L, + 1,K, © K and J,l, + Ly, +12 SL 

Since J? CJ CLandj,L,+1,J,+4 SL CK,s0 f2+ fl, +L ,+4 =U, 4+1,)? SLand jf? + 

JK, + KJ, + K?2 + Kyl, +1,K,+f,l,+lyj,+ 2 = 9, +K,+1,)? cK. 

Since J,K and L € Sp, so J, SJand J, +L, © LEK andj, +k,+1, EK. 

Since J, SJ SL,sol,&LE&Kandk, €K. 


Therefore, J, + Kyl, + Lily SJ + Kl, + Ll. Thus J + KI, + Ll, € RNS@pq,,,)- 


Theorem 3.3: If J + KI, + LI, € RNIpgq,1,), then J + KI, + Ll, € RNCSGRX1,1,) 2 J, KL € CSM. 
Proof. 


Firstly, VJ + KI, + Llp € RNCS(p,,1,)- 


Now, if j,k,l€ R, where j?€J GLand ?€LGCKandk?€K. 


Wehave j+jl,+jl, € RU4,/,) and we note 
Gat Het ay =P GAT aye ty FOL eG te tye SI eka PEL 
Since J + KI, + LI, E RNCS x (1,15); SO J + ji, + jl, E J + KI, + LI, and from which J Ee]. 
Therefore, J € CSQp. 
On the other hand, we have 0+11, +11, € R(U,,/,), and we note 
(O+11,4+11,)? =07+ (0141047407 417),4+ 0.141041), CJ +KI, +L, 
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Since J+ KI, + LI, € RNCS@pV,1,), 80 OF1 +l, €J+KI,+Ll, and from which lEL. 
Therefore, L € CSQp. 


And on the other hand, we have 0+ kl, + 01, € RU, /,), and we note 
(0+ k1, + 01,)? = 07+ (0.kK +k.0+k2+k.0+0.k)L, + (07 +074 07), €J + KI, +L, 


Since J + Kl, + Ll, € RNCSPpU,1,) , 80 0+k, +0, €J +KI,+Ll, and from which kek. 
Therefore, K € CSQp. 


Conversely, suppose that J,K,and L € CSQp. 

Now, if jf, + kil + lip € Rh, 12), where (4, + ky +h)? EJ + KI, + Lh > j2 + Giki + kaj + 
R+khh4+hk)ht+GQb +h tbh €J +k +L 

Therefore, j? € J and j,k, t+kyj, +k? +kyl +k, €K and jl, +hj,+b EL 

Since j? €J CLand jl, +hj,+R2 EL SK,s0 j2 + jl t+hj,+4% = G, +h)? € Land j? + j,k, + 
kj, tke +k thk tih4+h,4+% =, +k, +h)? €K. 

Since J,L,and K € CS%p, so J, EJ and J, +L,E€L EK andj, +k, +l, €K. 

Since j, €J GL,sol, EL GK andk,€K. Subsequently, j, + kyl, +l, €J+ Ki, + Ll. Thus J + 
KI, + Ll, € RNCS@p(1,,1,)- 


Theorem 3.4: If J + KI, + LI, € RNGpg(1,,,), then J,K,L € Qp. 
Proof. 
Suppose that J,,J2,K,, Kz,L1,Lz € Tp, where J, Jz S J,K,K, S K,and L,L, EL. 


Firstly, we have Ih +) + Jan and Jz + Jol, + Jolr E RNZr 14,1) and we note 


Oi t Jil, + el) U2 t+ Jali + Jole) = Ie + Ola + Jo + Je t+ Jue t+ Jah + Ue + Jue + Sadao 
Spek ers 
Since J + KI, + Ll, € RNG%gQ,1,),80 i thh thh SJ + Ki, + Lh or Jo + Joh +Jelg SJ + Ki, + Lh. 
Subsequently, J, SJ or J, SJ. Thus J € (Mp. 
On the other hand, we have {0} + Ly], + Lyl,and {0} + Lz], + Lzl, € NIgQ,1,), and we note 
({O} + Lyk, + Lyln)({0} + Lol, + Lolz) = {0}? + ({0}.L, + Ly. {0} + LyLy + LyLz + LyL2)h, + ({0}.L2 + 
Lore ve Te 4 US 
Since J + Kl, + Li, € RN@pq,1,), 80 (0} + lah, + Lily SJ + Kl, + Li, or (0} + 12h, +12 SJ + 
KI, + LI,. Subsequently, L; © Lor Lz € L. Thus L € fg. 
Also, we have {0} + Kyl, + {0}, and {0} + Kyl, + {0}, € NTpq,1,), and we note 
({0} + Kyl, + {0}12)({O} + Kali + {0}l2) 
= {0}? + ({0}. Kp + Ky. {0} + Ky Kp + K,. {0} + {0}. K2)I, + ({0}? + {0}? + {0} 
Sy ki aie 
Since J + KI, + Llp € RN@pq,1,), 80 {0} + Kyl, + (O}lp © J + Kl, + Ly or {0} + Kyl, + {0}, S J + 
KI, + LI, and from which Kk, € K or k, © K. Thus K € pg. 


Corollary 3.5: If J + KI, + Ll, € RNZgq,,), and J,K,L € Mp, then not necessarily J+ KI, +L, € 


RN®R(1,,1)- 
Because. 
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Suppose that J,K, and L € 9%. Now, if Jy + Kyl, + Lyk, and J, + Kzl, + Lzl, € RNTpgq,1,), where, 
Gk bE +o Feb) Sf ERG AEG 
= Jue + ike + Kula + Kio + Kyla + Lika)h + (ala + Life + Lila)h 
€ J+KI,+Ll,so 
AES figvGhre Wises. aid i+ Rte het he Sk 
Since LS TECL so Lb this #lib +h = Gi +ipGs +b) SL EK 
and JyJz + Jy Ko + KyJy + Ky Ky + KyLy + Ly Ky + ula + Lyla + byl = Ui + Ky + Ly) U2 + Kp +12) © K 
Since J,K,and L € (pz, so 
GQ, SJ or, SJ), UG, +L, S Lor J, +L, EL), and J, + Kk, +L, © K or Jz + K, +L, © K ). Thus 
not necessarily J, + Kil, + Lylp © J + Kl, + Lly or Jy + Kyl, + Lyly © J + KI, + Ll, 
Subsequently, not necessarily J + KI, + Ll, € RN@%(,,1,)- 


Theorem 3.6: If J + KI, + LI, € RNC%pR(,, 1), then J,K,and L € Cp. 
Proof. 
If jy, Jo, ky, kz,4,,l, € R, where jij. €J, kyk. EK, andl l, €L. 


Firstly, jy + jada + falz and jz + joi, + jal, € RUh, 12) and we note 


Gi + jh + fil) Ge + jol + jor) = Juz a (CAP + jrj2 + jij2 + jrj2 + jijadh + Gihe + jrje + jrjo)le 
E€J+KI,+Lh 
Since J + KI, + LI, € RNC%pQ,,1,), 80 
Iithh th €J + Kh + Lh or jp t+ jot + jolp €J + KI, 4+ Lh. 
Therefore, j, € J or j, € J. Thus J € C@p. 
On the other hand, 0+ 1,4, + lland 0+ lbh, + bl € RU, Iz), and we note 
(0+4,4+45)0+bL1,+Lh)=07+(0.,44.04h,4+4,4+4L),+0.,4+h.04+4L)h 
€J/+KI,+Llh 
Since J + KI, + Ll, € RNCGpgW,1,),80 04+ 4h +hh €J+ Kh +Llhor0+hh+hh €J+Ki+Lh. 
Therefore, 1, € Lor l, € L. Thus L € Cp. 


Also, we have 04+ k,l, + Olnand 0+ kl, + Ol, € RU, 1,), and we note 


(0 + kyl, + 01n)(0 + kal, + Ol,) = 07 + (0.k2 + ky.0 + ky ky + k,.0 + {0}. k2)l, + (07 + 0? + 07)1, 
€ J+ KI, +L, 


since J+ KI, + Lh, € NCG@pg,1,),80 0+ ky + Ol, € J+ KI, + Lh or 0+k +0 € J+ Ki +Lh 
and from which k, € K ork, € K. Thus K € Cp. 


Corollary 3.7: If J+ Kl, + Ll, € RNZpq,1,) and J,K,and L € C@p, then not necessarily J + KI, + 
Ll, € RNC@pQ1,,15)- 
Because. 
Suppose that jf, + kyl, + lho, jo + kel, + lol © RU, 1), where, 
Ge High Plt Bk ebb) Spt es 
=> jrjot+ Gikethiyjothyke thy thkaht+Gbhthjiethb)h € J+kKh +Lh,so 
Juiz € J and july +h jg + hb € Land jykg + kyjzg thykg thy, +h kn EK 
Since jij2 €J EL, 80 fajg th thie th =G4+4)G2+b)E€LoK 
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and jij2+jiko t+ Kyj2thike thy thkethbht+hjthh =Gt+h1+h)G2+kht+h)eK 
Since J,K,LECKR, so Gy, EJorj, €J), Gy +h €Lorj, +l, €L), andG, +k, +l, €K orj,+ 
k, +l, € K ) .So not necessarily 
At+khh +hh€ J+Ki+Lh or jg tke +hh€ J+KI,+Lh. Therefore, not necessarily 
J + KI, + Lh, € RNC@pq,1,)- 
Theorem 3.8: If J + KI, + Ll, € RNZpqp, then 
(i) J+ KI, +L € RNCS@pRU,,) DJ + Kh + Lh € RNSPp1,1,)- 
(ii) J + KI, +L € RNC@pRC,,) DJ + Kh + Lh € RN@pU1,1,)- 
Proof. 
(i) Since J + KI, + LI, € RNCS@pRU1,1,),80 J, K, and L € CS%pz according to Theorem.3.3. 
Therefore, J,K,and L € Sg. Thus J + KI, + Ll, € RNS%p(,1,) according to Theorem.3.2. 
(ii) Suppose that J+ KI, + Lil, € RNC%pRXq1,7,). Now, if Jy + Kil, + Lil; and J, + Kyl, + Lak, € 
RNXpgc,1,) in which (Jy + Kyl, + Lily) Uo + Koh, + Lol) S J+ Kh, + Lh. 
Firstly, suppose that 
Jy + Kyl, + Lyly £ J+ KL, + Lh and Jy + Kyl, + Lay £ J + Kl, + Ll. Therefore, 
Sj, thal th €f, + Kyl, + Lyk and fy + kel, + lly € Jo + Kol, + Lyly, where 
hte t ee JR SP pand pF + lol SJ +R FU. 
On the other hand, we have (j; + kyly + Lyla) Go + koly t oly) € Uy + Kah, + Lila) Jo + Koly + Lolz) 
jie + i 
Since J + KI, + Ll, € RNC®gq,1,), 80 
Ithht+hh €J+ Ki + Li orjg + keh thh € J+ KI, + Lh. This is a contradiction. Therefore, 
J+KI,+Llp S J + Kl, + Ll; or Jo + Kyl, + Lyly © J + KI, + Llp. Thus J + Kh, + Llp € RNGgQU,1,)- 


Remark 3.9: Figure 1 shows the resulting relationship between the prime (completely prime, 
semiprime, and completely semiprime) ideals in any refined neutrosophic and classical ring, as 


follows: 
J,K,and L € Qp mm J,K,andL € Cp 


tT 


J + KI, + LI, E RN®aR (1,12) oo J - KI, ae LI, E RNCQRU,1) 
J + KI, + Ll, € RNSGxu,1) Co J + KI, + Ll, € RNCS@gq,,1,) 


g t: 
(rritin) 2 (remine 


Figure 1. The relationship between the ideals of the refined neutrosophic and classical ring. 
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Theorem 3.10: If R(,,J,) is a unity, and J+KI,+Ll, € RNIpgq,),), then J+KI,+Ll, € 
RNS 1,1,) @ V1 + Meh + lp E RUDD) A +h + 3h)RUL WIN + mh +h) SJ + Kh + 

Lh >A t+ 1h +h EJ + KI, +Lh 

Proof. 


Firstly, suppose that J + KI, + Ll, € RNS@pU1,1,), and we will prove that the condition is satisfied. 
Vr, +h, + 7el, € RU) (+H reh + 7r3I1)RUL LI) +h +l) SJ + KL, +L, 
2 (41 +h + 13l)RUL LD (4 teh +rh)RU,b) SU + KI, 4+Lh)RU,h) SJ +KL,4+ Lh 
> [1 + mh trmh)RU,L) SJ + KI, +Lh 
Since J + KI, + Ll € RNS@gu,4,) 80 (Ty + Tehy + Tyh2)RU 2) SJ + KL, + Lh. 
On the other hand, we have 
% +l t+ 7elp = (1 +h + 73lg).1 EE (% +l, +r) RU bh) SJ + KI t+ Lh > 14+ t+ 73h 
eye PEs 
Conversely, suppose that the condition is true and we will prove that J + KI, + Ll, € RNS@p(1,,1,)- 
Suppose that J; + Ky], + Lil, € RNTgU,1,), where, 


ht Kh tlh}? SJ+Ki,+Lh. 


If we assume the argument J, + K,l], + L,l, € J + KI, + Ll,. Therefore, there is an element 1, + 11, + 
T3ly EJ, + Ky t+ Ly, andr + mh +1r3h €J+KI,4+Lh 


On the other hand, we have 
1th trl €J, + Kh tlh > +nmltrmlh)Rd,bL) Sh tkhht+hh 


2 (1 + mh t+ rh)RGLbL)(n + mh +h) SO 4+ ih + Lyk) (n + mh + r3lr) 
Therefore, 7, +11, +131, € J + KI, + Ll, whichis a contradiction. 
So Ih + Kil, + Lil Cc] + Ki, + LI. Thus J + KI, + LI, € RNS®R (1,15): 
Theorem.3.11 If RUj,/,) isaunity,and J+KI, +L, € RNIpq,,,), then J + KI, + Ll, € 
RN®pU,1,) iff the condition is satisfied: 
Vy + Tol, + 131, and Ty + Tol, + 7315 E Ry, I); 
(% +h t+ 7rel)RUL LJ +h trl) SJ + Ki, +L 
S>rnitrmlt+rl,€J+Ki,4+Lh orn +3h +h €J+Ki,+Li 

Proof. In a similar way to proof of the theorem.3.10. 
Corollary 3.12: Let R(/,,1,) be a unity commutation. 

(i) If J+ KI, +L € RNG@gU,1,), then] + KI, + LI, € RNC¥R,,1,)- 

(ii) If J+ KI, + Ll, € RNS%pR,1,), then] + Kl, + LI, € RNCS@p,,1,)- 
Proof. 
1. Suppose that J + KI, + Ll, € RN@pqQ,1,), ANd 1% + 2h + T3lz, T+ Hh +731, € RU, 12), where, 
(1 +h, + 73h. )( + 17yl, +l) EJ + KI, + Lh. 

S14 +h) +h t7r3l)RUh) S O+ Ki, +Lih)RUy,1) SJ +Ki,+Lh 
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Since R(,,1/,) is a commutative, so 
(1 +h +h RUDD +h +h) SJ+KL+Lh 
And since J + KI, + Ll, € N@ gu, 1,), and according to theorem.3.11, so 
1 +h t+ 7r3lz2 EJ + KI +Lh orn +H + 73h €] + Ki, + Ll. Thus J + KI, + Lh € RNCG RU, 1,)- 
2. In a similar way to proof.1. Or in another way, since R(J;,/2) is a unity commutative, so R isa 
unity commutative ring. 
We have J + KI, + Ll, € RNS@p(1,1,), therefore, J, K,and L € Sp according to Theorem.3.2. 
Since R is a unity commutative ring, so J, K, and L € CSgpz. Using the Theorem.3.3, J + Kl, + Ll, € 
RNCS@rC445)- 


Theorem 3.13: Assuming that R(J,,/,) isaunity. If J+ KI, + Ll, € RNMgq,,),then] + KI, + 
LI, € RN®@RG,,15): 
Proof. 
Since J + KI, + LI, € RNMgq,1,),80 J € Mp and K =L=R) or] +KI, + Ll, = R(,1,) according 
to theorem.2.4. If J + KI, + LI, = RC, Iz), then the desired is achieved. Now, suppose that J + 
KL, + Lly # R(Iy, 1). 
We have R(J,,/,) is a unity, therefore, we may apply the condition specified in the theorem.3.11. 
Wry t+ 1h, + rly and ry + 13h, + 73I, € RUy, 1); 
(1, + 21, + 731)RU ID +h +h) SJ +KiL,+Lh 
Now, we will prove that 1 + 11, + 13lp EJ + Ri, + Rip or ry + yl, + r3lp EJ + RI, + Rhy. 
In fact, it suffices to demonstrate that 1, € J or r, € J. 
Firstly, ({+nmh+mRh)(R+RL +R) + Hh +h) SJ +R, + RL 
=> Rr t+ [Rr t+ mR t+ meRry t+ mRr{ +73Rr t+ mR + 7Rry t+ mRry + m2Rry + mRry +73Rkr, 
+ 7Rry+73Rry + 73Rry + 1Rry + mRr3 +mRrz + mRry + 73Rr3]l, + [4 Rr +73Rr{ 
+73Rry, +7,Rr3+7%Rr3 + 73Rrz +73Rr3|l, SJ + RI, + Rip 
Therefore, 1Rrj SJ. 
Suppose that 7, €J.Since J] € Mpg,soJ+ mR=R>Jri+nRry = Rr 
On the other hand, we have Jrj © J andr,Rrj © J. Therefore, rj = 1.7, € Rrj SJ. 
Subsequently, rj + 31, +73l, € J+ RI, +RI,.Thus J+ Kl, + Ll, € N@Rq,,1,)- 


Remark 3.14: Figure 2 shows the resulting relationship between the prime (completely prime, 
semiprime, completely semiprime, and maximal) ideals in the unity refined neutrosophic and classical 
rings, as follows: 
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Figure 2. The relationship between the ideals of the unity refined neutrosophic and classical ring. 


Theorem 3.15: Assuming that R(J,/2) is a finite unity commutation, then RNMa(,,7,) = RN@pU1,,1,): 
Proof. 

Since R(j,1I2) isaunity, so RNMac,1,) S RN@RU1,,1,) according to theorem.3.13. 

Now, if J + KI, + Ll, € RN@pq,1,), then J,K,and L € (pz according to theorem.3.4. Since J € Mp, 
and R is a finite unity commutation, so J] € Mg. Since J GL © K, so K =L=R. Thus J+ KI, + 
Ll, € RNMaq,,)- 

Examples and Notes 3.16: 

(1) In ZU), we have 10Z + 10Z1, + 10Z1, € RNSz(1,1,), because Vr, + M21, + P3lz € ZU, 12); (1 + 
M1, +13Iz)* €10Z + 10Z1, + 10ZI1,, then 7,2 €10Z and (r, +13)? € 10Z and (1, +1, +173)? € 10Z. 
Since 10Z € S%z, so 1 € 10Z,7, +73 € 10Z,andr, +7 +73 €10Z. Therefore 7,12,73 € 10Z. Thus 
1 + Tl, + T3ly € 10Z + 10Z1, + 10Z1, € RNS(z. 

By the same way we find that <0 >+<0>1,+<0> 1, = {0} € RNS(%z(;, 1). 

(2) By the same way we find that <2 >+<2>h+<2> I, € RNS#z,(1,,1,)- 

(3) In Z,0),1,), we have <2 >={0,2}€ 97z,, but <2>+4<2>)+<2>1), = {0,2h,2h,2h + 
2Ip, 2,2 + 2lp,2 + 2h,2 + 2h, + 2lp} € RNG%z,11,1,), because we have (I, +I,)(2+h) = 2h €<2> 
Leos Lee 7 Sd, 

but  +land2+l, €<2>4<2>h4<2> 1h. 

(4) In ZU,1,), we have <0> and <3>€,, but <0>4<3>/44+<0>)h=<3>h¢ 
RNG 71,1), because we have (0 + 21,)(3 +h) =9h €<3>h, but 3+1,and2l, €<3>1,. By the 
same way, we find <3 >1,+<3> 1, € RN@z(1,,,)- 

(5) In 2,1, 12), we have <3 >+2Z6h,+<3 >I, € RNG%z,(1,,1,), because we have (0 + 1,)(2 +12) = 
3 E<3>4+2Z,h4+ <3 >h, but Land2+l €<3>+42Z.4h4+<3>h. 

(6) We note <2 >+4+2Z¢1, + Zl, = {0,2} + Zl, + Zelz © NGMz,(1,,1,), because <2 >E Mz, s0 <2> 
+Z6l, + Zelz ERNMz,(1,1,) according to theorem.2.7. Therefore, <2>+42Z61, + Zep € 
RNG z,(1,,12) according to Theorem.3.13. 

(7) In Z,(h, 12), we have <0 >+<0>1)+<0> 1, = {0} € RNGz_(1,1,), because we have 

(6 + In)(, +n) = 0 € Z,(h, Ip), but 6+ I andl, +h €< 0 >4+<0>14+<0>h. 
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(8) In any refined neutrosophic field RU, 12), Rl, + Rlp € RN@pq,,1,), because RI, + RI, =< 0> 
+RI, + Rlz, where < 0 >€ NMg. Using theorem.3.13, we find Rl, + Rlz € RN@pRQ(,,1,)- 
It can be proven in another way: 
If a+bl,+cl,andd+el, + fl, € RUh,I,) where (a+ bl, +cl,)(d+el, + fiz) € RI, + Rip > Fr, 
r’ € Rinwhich (a+ bl, + cl,)(d+el, + fl,) =rh, +r'l, 
So ad+[ae+bd+be+bf+cell,+[af+cd+cflk =0+rl,+r'L, 
Therefore, ad = 0.S0 a=0 ord=0 

ifa=Othen a+bl,+cl, € RI, + RI, 

ifd=Othen d+el,+ fl, © RI, +R, 
(9) Generally, in refined neutrosophic rings, RI, + RI, is not necessarily belongs to RN#x(1,,)- 
(10) Zol, + Zolz € RN¥%z,(1,,1,), because we have (3 + 1, + 21,)* = 21, + 4h € Zol, + Zolz, but 3 + 
Hohe Rie ob. 
(11) In Z(,, 12), we have <0> 421, + Zl, and <p > +ZIl, + Zl, € RN%z,,,1,), where p is prime. 


Theorem 3.17: Assuming that R(/,,/,) isa unity. Then R(/,,/,) isa refined neutrosophic field = 
{0}, RI, + Rl,RI,,RUy,12) are only refined neutrosophic ideals in R(,, 12). 
Proof. 
Firstly, suppose that J + KI, + LI, € RNTgi,1,). Since R(;,1,) is a refined neutrosophic field, so R 
is a field. Therefore, R contains only two ideals {0} and R. Thus 
J, K,and L = {0O}orR 
We have J © L © Kand we note 
if J =L=K = {0},then J+ Kl, +Ll = {0} 
if J ={0} A K =L=R,then] + KI, + Ll, = Rl, + Rly 
if J =L={0} A K =R,then] + KI, + Ll, = Rl, 
ifJ=L=K=R, then] +Kl,+Llh =R+Rl, +R 
Subsequently, RNTpqQ,7,) = {LO}, Rl, + Riz, Rl, RU, 12)}- 
Conversely, suppose that RNTpqj,7,) = ({O}, Rl, + Riz, RI, ,RUy, 12)}- 
Now, If J + Kl, + Ll, € RNZpu1,,,), then 
J+KI,+ Ll =R+RI, +Rlp V {0} + Rl, + {O}ly V {0} + RI, + Rly V {0} + {0}, + {0}, 

In every case, we see that J, K,and L = {0} VR. Therefore, R contains only two ideals {0} and R. 
Subsequently, R is afield. Thus R(,,/,) is a refined neutrosophic field. 


Definition 3.18: Assuming that R(J;,12) is a refined neutrosophic ring. 
(i) We call R(J,,/,) a refined neutrosophic semiprime ring if {0} € RNSG%_),,) and a fully 
semiprime ring if RNTpc1,7,) = RNSPrRU1,,1,)- 
(ii) We call R(,,/,) a refined neutrosophic prime ring if RI, + RI, € RN@pq,1,) and a fully 
prime ring if RNZp,1,)\{0} = RNGrUW,1,): 
(iii) We call R(I;,1,) a refined neutrosophic fully idempotent if all its neutrosophic ideals are 
idempotent. 


Examples 3.19: 


(1) Z(,,1,) is arefined neutrosophic semiprime ring. 
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(2) R(U,,I2) isa refined neutrosophic semiprime (fully semiprime) ring, where R is a field. 
(3) R(U,12) is a refined neutrosophic prime (fully prime) ring, where R isa field. 


Theorem 3.20: Assuming that R(J,, 12) is a refined neutrosophic ring, 

RU, 12) is a refined neutrosophic fully semiprime @ R(J,,/,) is a refined neutrosophic fully 
idempotent. 

Proof. 

Firstly, suppose that J + KI, + LI, € RNZgq,,). Now, wehave (J + KI, + LI,)? € RNTR(;,,1,)- 
Therefore, it belongs to RNS#_(,,,1,)- 


Also, we have (J + KI, + LI,)? © J+ KI, + Li,)? > 


(J+K 1 +L1g)2ERNS(RUI,,J5), 
J+KIL,+1,904+KI, +L) 
On the other hand, (+ KI, + LI)? GJ + KL, +Lh.So J+ Ki, +Lh)* =J + KI, + Ll. Thus J + 
KI, + LI, is a refined neutrosophic idempotent ideal. 
Conversely, suppose that J + KI, + Ll, € RNTgU,1,)- 
Now, let's prove that 
VP + Qh, + Sly €NIgq,1,), where, (P+ Qh +Sh)? SJ + Kl, + Lh, 
then P + Ql, +Slb GJ + Kl, + Lh. 
Since (P + QI, + SI,)* =P + QI, + SI, (because it is idempotent), then 
P+ Qi, +Si, SJ +KI, +L. Thus J+ KI, + Ll, € RNSPpU,1,)- 


Example.3.21 According to the theorem 3.17, in Z3(1,,I2), we have {0}, Z3l, + Z3l,, Z31,, and 
Z3(1,,I2) are the only neutrosophic ideals. Now we note {0}, Z3l, + Z3lz, Z31,, and Z3(I,,1,) are 
refined neutrosophic idempotent ideals. According to definition.3.18, Z3(,,I2) is a refined 
neutrosophic semiprime ideals. Conversely, according to the theorem.3.20, Z3(,,12) is a refined 
neutrosophic fully semiprime. 

Finally, Table 1 depicts the key distinctions between the classical and refined neutrosophic rings. 


Table 1. Key distinctions between the classical and refined neutrosophic rings. 


R Rj, Iy) 


R isa field = {0}, Rare only ideals in R. R(I,,1,) is a refined neutrosophic field 
= {0},RI, + RI,,RI,,R(,,1,) are only 
refined neutrosophic ideals. 
R is a prime ring if {0} € Mp R(1,,1,) isa refined neutrosophic prime 
ring if RI, + RI; € RNR, 15) 


Rj, 12) is a fully prime ring if Tp = Mp. R(i,,I,) isa fully prime ring if 


RNZga,1,)\{0} = RNMra, 1): 


4. Conclusion and future works 


In this study, the structure and properties of all prime, completely prime, semiprime, and 
completely semiprime ideals in refined neutrosophic rings were determined. Herein, we present the 
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concept of fully prime (fully prime) and fully semiprime (fully semiprime) refined neutrosophic 
rings. In addition, many examples were built to clarify the validity of this work. Certainly, these ideals 
will find applications in all places where they find their applications, with some indeterminacy. In 
the future, we plan to generalize the prime (completely prime, semiprime, and completely 
semiprime) ideals of the n-refined neutrosophic rings. 
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